Abstract. Genus 2 curves with simple but not absolutely simple jacobians can be used to construct pairing-based cryptosystems more efficient than for a generic genus 2 curve. We show that there is a full analogy between methods for constructing ordinary pairing-friendly elliptic curves and simple abelian varieties, which are iogenous over some extension to a product of elliptic curves. We extend the notion of complete, complete with variable discriminant, and sparse families introduced in by Freeman, Scott and Teske [11] for elliptic curves, and we generalize the Cocks-Pinch method and the Brezing-Weng method to construct families of each type. To realize abelian surfaces as jacobians we use of genus 2 curves of the form y 2 = x 5 + ax 3 + bx or y 2 = x 6 + ax 3 + b, and apply the method of Freeman and Satoh [10] . As applications we find some families of abelian surfaces with recorded ρ-value ρ = 2 for embedding degrees k = 3, 4, 6, 12, or ρ = 2.1 for k = 27, 54. We also give variable-discriminant families with best ρ-values.
Introduction
Since pairings have been introduced to design cryptographic protocols (see, e.g., [2, 3, 20, 35] ), one of the main problems is to construct abelian varieties suitable for these applications. Let A/F q be an abelian variety containing an F q -rational subgroup of prime order r with the embedding degree k = min{l : r | (q l − 1)}. To implement pairing-based cryptosystems k should be suitably small so that pairings of r-torsion points with values in the field F q k could be efficiently computed, but the discrete logarithm problem in F q k remains intractable. Furthermore, in order the arithmetic on A to be more efficient, we would like that the bit size of r to be close to the size of #A(F q ). Since log(#A(F q )) ≈ dimA log(q), we would like the parameter ρ = dimA log q/ log r to be close to one. We can achieve ρ ≈ 1 using supersigular abelian varieties, which in each dimension have bounded embedding degrees (e.g., k ≤ 6 or 12 for supersingular elliptic curves or abelian surfaces (see [14, 29, 31] )). For higher security levels we use ordinary varieties, which are unlikely to be found by a random choice and require specific constructions. In practice, we mainly use elliptic curves or jacobians of hyperelliptic curves of low genus.
Pairing-friendly elliptic curves. In general, to construct an ordinary elliptic curve E with an embedding degree k we first find parameters (r, t, q) of E, where t is the trace of E, q is the size of the field of definition, and r is the order of a subgroup with the embedding degree k. Then we use the Complex Multiplication (CM) method to find the equation of E, which requires that the CM discriminant d of E is sufficiently small, where d is the squarefree part the non-negative integer 4q − t 2 . Parameters (r, t, q) of pairing-friendly elliptic curves are generated either directly, like in the Cocks-Pinch method (see [11, Theorem 4 .1]), or are obtained as values of suitable polynomials (r(x), t(x), q(x)) called parametric families. The former method is very flexible and allows one to obtain the subgroup orders r and discriminants d of almost arbitrary size, however with ρ-value only around 2. Using parametric families we can considerably improve ρ-values for more restricted subgroup orders and discriminants.
Miyaji, Nakabayashi and Takano [25] were the first researchers to use parametric families to characterize elliptic curves of prime orders with embedding degrees k = 3, 4, 6. Scott and Barreto [32] , and Galbraith et al. [15] generalized their idea to describe elliptic curves with prescribed cofactors for k = 3, 4, 6. Currently constructions of families with ρ = 1 are yet known for k = 10 and 12, and were discovered by Freeman [8] and Barreto-Naehrig [1] , respectively. Most families used in practice are so-called complete families, and are constructed by the Brezing-Weng method [4] . We now recall the general definition and classification of families introduced by Freeman, Scott and Teske [11] . 1. q(x) = p(x) s for some s ≥ 1 and p(x) that represents primes. 2. r(x) is irreducible, non-constant, integer valued, and has positive leading coefficient. 3. r(x) divides q(x) + 1 − t(x). 4. r(x) divides Φ k (t(x) − 1), where Φ k (x) is the kth cyclotomic polynomial. 5. The CM equation 4q(x) − t(x) 2 = dy 2 has infinitely many integer solutions (x, y).
Properties of the CM equation lead us to the classification of families. It is clear that we can write 4q(x) − t(x) 2 = f (x)g(x) 2 , where f (x) ∈ Z[x] is square-free and g(x) ∈ Q[x]. Then condition (5) implies by Siegel's theorem that deg f (x) ≤ 2 (see [8, Proposition 2.10] or Lemma 16) . We say that a family is complete if f = d; then the CM equation is satisfied for any x ∈ Z. We say that a family is complete with variable discriminant if deg f = 1; then substituting x ← (dx 2 − b)/a, where f (x) = ax + b, yields a complete family with discriminant d if conditions (1) and (2) of Definition 1 are satisfied. A family is called sparse if deg f = 2; then the CM equation can be transformed to the generalized Pell equation, whose solutions grow exponentially. We note that the Brezing-Weng method [4] can be generalized to construct families of the latter two types (see [7] ). These families can be used to generate elliptic curves with larger discriminant, which may be desired for larger randomness of cryptosystems.
Pairing-friendly genus 2 curves. There is also a great deal of interest in constructing pairing-friendly genus 2 curves. Freeman, Stevenhagen and Streng [12] give a general method to generate pairs (r, π) such that π is a Weil q-number corresponding by the Honda-Tate theory to a simple ordinary abelian variety with embedding degree k with respect to r. In order to realize these varieties as jacobians, we must chose π from a suitable CM field K, where Weil numbers in question are characterized by the condition
If [K : Q] = 2g, then the corresponding varieties are of dimension g with ρ-value around 2g 2 . Freeman [9] generalized this method to construct parametric families of abelian vari-eties. In order to obtain pairing-friendly ordinary abelian surfaces, which generically have ρ-value around 4, or less than 4 for parametric families, we use genus 2 curves, whose jacobian is simple but not absolutely simple. Kawazoe and Takahashi [23] use curves of the form y 2 = x 5 + ax and a closed formula for their order [13] (see also Kachisa [21] ). Freeman and Satoh [10] give a general method to construct an elliptic curve, whose Weil restriction over some extension contains an abelian surface with a given embedding degree. To realize that surface as a jacobian, they use curves of the form y 2 = x 5 + ax 3 + bx or y 2 = x 6 + ax 3 + b. Recently Guillevic and Vergnaud [17] extended their method using closed formulas for the order of these curves.
Contribution. In this paper we show that there is a full analogy between methods for constructing pairing-friendly elliptic curves and simple abelian varieties which are isogenous over some extension to a product of elliptic curves. Now we outline the main idea of our method. Let K be a CM field of degree 2g, and suppose that we have a polynomial π(x, y) ∈ K[x, y] such that q(x, y) = π(x, y)π(x, y) ∈ Q[x, y] and the image π(Z 2 ) contains "sufficiently many" Weil numbers in K. Then we can use π(x, y) to generate pairing-friendly Weil numbers analogously as in the Cooks-Pinch method. If r is a prime such that the system
has solutions over F r , then we check whether π(x, y) is a Weil number for lifts x, y ∈ Z of these solutions. Since generically solutions over F r are of the similar size as r, the resulting varieties have ρ-value ρ = g log q(x, y)/ log r ≈ 2g deg π(x, y). Thus to obtain ρ-value around 2g, we need suitable polynomials π(x, y) of degree one. If K contains an imaginary quadratic subfield K 0 = Q( √ −d), then for any u ∈ K such that c = uū ∈ Q, the polynomial π(x, y) = u(x + y √ −d) satisfies q(x, y) = π(x, y)π(x, y) = c(x 2 + dy 2 ) ∈ Q[x, y], however, if c = 1, then the image π(Z 2 ) does not contain sufficiently many primes. Therefore we will use π(x, y) = ζ s (x + y √ −d) to generate Weil numbers in the CM field
where ζ s is an sth primitive root of unity and d > 0 is a square-free integer. We note that Weil q-numbers of the form π = ζ s π 0 with π 0 ∈ Q( √ −d) correspond to simple abelian varieties which are isogenous over F q s to a power of an elliptic curve E/F q with the Weil q-number π 0 (see Corollary 4) .
To generalize the Cocks-Pinch and the Brezing-Weng methods we describe in Section 3 prime finite fields and number fields, where system (1) has solutions for π(x, y) = ζ s (x + y √ −d), and we give explicit formulas on solutions. In Section 4 we focus on constructing genus 2 curves, whose jacobian corresponds to Weil numbers π = ζ s π 0 in a quartic CM field
We give an algorithm to construct curves of the form y 2 = x 6 +ax 3 +b and y 2 = x 5 +ax 3 +bx, which is based on the method of Freeman and Satoh (see [10, Algorithm 5.11] ). In Section 5 we generalize on abelian varieties Definition 1 and classification of families of elliptic curves. In Sections 6, 7, 8 we generalize the Brezing-Weng method to construct families of each type.
As applications we give complete families of abelian surfaces (r(x), π(x)) with variable discriminant and best ρ-values such that deg r(x) < 25. We note that some of these families for fixed discriminants were found in [10] and [17] . Furthermore, some complete families with variable discriminant are given in [10, Section 7] , where they are obtained from complete families satisfying certain conditions, but no general method to construct such families is given. We also find some families with recorded ρ-value ρ = 2 for k = 3, 4, 6, 12, or ρ ≈ 2.1 for k = 27, 54 (see Examples 19, 24, 27 ).
Background
In this section we gather basic facts on abelian varieties, which will be needed in the sequel (for details see [26, [37] [38] [39] [40] ).
Let A/F q be a g-dimensional abelian variety with qth Frobenius endomorphism π A , and its characteristic polynomial f A . Then we have f A (π A ) = 0, and #A(F q ) = f A (1). Furthermore, all roots of f A are Weil q-numbers. Recall that an algebraic integer π is called a Weil q-number if |α(π)| = √ q for every embedding α : Q(π) → C). 
Recall that a number field K is called a CM field if it is an imaginary quadratic extension of a totally real field. Then K has an automorphism, denoted by a bar, which commutes with every embedding K → C and the complex conjugation in C.
In this paper we are interested in simple abelian varieties, which are not absolutely simple (i.e., split over some extension of the base field). Proposition 3. A simple ordinary abelian variety A/F q with a Weil q-number π splits over F q s if and only if Q(π s ) Q(π). Then A is isogenous to B n over F q s , where B/F q s is a simple abelian variety with the Weil q s -number π s .
Proof. For the sake of completeness we give a proof (see also [18, Lemma 4] 
Since A is simple and ordinary, f A,q (x) is irreducible, and hence all π i are conjugated. If Q(π s ) Q(π), then f A,q s is not the minimal polynomial of π s , so A splits over
is irreducible. Furthermore, since all the numbers π s 1 , . . . , π s 2g are conjugated, it follows that they are exactly roots of each f B i . Hence all f B i are equal, and from the Honda-Tate theorem it follows that all B i are isogenous over F q s , so A ∼ B n 1 .
Corollary 4. Let A/F q be an ordinary simple abelian variety with a Weil q-number π, and E/F q be an ordinary elliptic curve with a Weil q-number π 0 .
(i) Then A is isogenous to E g over F q n if and only if π = ζ s π 0 , where ζ s is an sth primitive root from unity and s | n. (ii) If s is even and π = ζ s π 0 , then A is isogenous to E g over F q s/2 , where E is the quadratic twist of E.
Proof. (i) By Proposition 3 we have A ∼ E g over F q n if and only if π n = π n 0 . So, if s is the minimal integer such that π s = π s 0 , then π = ζ s π 0 , and obviously s | n. (ii) Since −π 0 is the Weil q-number of the quadratic twists E of E, and π = ζ s/2 (−π 0 ), it follows from (i) that A ∼ E g over F q s/2 .
(iii) Since E is ordinary, π s 0 andπ s 0 are relatively prime. Hence π s = π s 0 generates Q(
Weil numbers of pairing-friendly varieties
Recall that the embedding degree of an abelian variety A/F q with respect to a prime r | #A(F q ), r = char F q , is the minimal integer k such that r | (q k − 1). In other words, q (mod r) is a kth primitive root of unity, or equivalently, if r k, it is a root of the kth cyclotomic polynomial Φ k (x). By Theorem 2 we have the following.
, where π is a Weil q-number corresponding to an ordinary abelian variety A. Let k be a positive integer and r be a prime such that r kq. Then A has the embedding degree k with respect to r if and only if
3 The generalized Cocks-Pinch method
be a CM field of degree 2g, where ζ s is an sth primitive root of unity and d > 0 is a square-free integer. To generate as in the Cooks-Pinch method pairingfriendly Weil numbers of the form π = ζ s π 0 with π 0 ∈ Q( √ −d), we need to find a prime finite field F r where the system
has solutions, and check whether π(x, y) = ζ s (x+y √ −d) is a Weil number for lifts x, y ∈ Z of these solutions. We describe below such prime fields F r , and give explicit formulas on solutions. We also give an analogous result for number fields in order to further generalize the Brezing-Weng.
, and r ∈ R be a prime such that the residue field R/(r) contains primitive roots of unity ζ k , ζ s and
, then solutions in R/(r) of system (3) are of the form
, then one of these pairs is a solution of (3).
Proof. We have
Thus (3) has the same solutions over
for each ζ k and σ ∈ Aut(K). Hence
If √ −d ∈ Q(ζ s ), then the above solutions are of the form (4), since each automorphism of Q(ζ s ) has two extensions on K. If
, this solution is equal to one of pairs (4). Now let P be a prime ideal over
, and S P be the localization of S at P . It follows from the assumption that R/(r) = S/P = S P /P S P . Reducing solutions (5) mod P S P we get solutions in R/(r) of the desired form, sine reduction mod P induces an isomorphism between sth and kth roots of unity in S and R/(r) by the following fact.
, and r ∈ R be a prime such that the residue field R/(r) contains sth primitive roots of unity (if R = Z, we assume that r |s). If P is a prime ideal in R[ζ s ] over r, then R/(r) = R[ζ s ]/P and reduction mod P induces an isomorphism between sth roots of unity in R[ζ s ] and R/(r).
Proof. We note that S = R[ζ s ] is the integral closure of R in the field of fractions of S. This is well-known for R = Z; if R = Q[x], it follows from the fact that F [x] is integrally closed in F (x) for any field F ; in particular for F = Q(ζ s ). We also note that the sth cyclotomic polynomial Φ s (x) is irreducible over Q(x), because it is irreducible over Q and coefficients of monic factors of polynomials in Q[x] are algebraic over Q. Since R ⊂ S is an integral extension of Dedekind domains, we have rS = n i=1 P e i , where P i are prime ideals in S. Let r i modr for r i ∈ R be different sth primitive roots of unity in R/(r) for i = 1, . . . , ϕ(s). Since r i modr are roots of Φ s (x), after rearranging we have P i = (r, ζ s − r i ) (see [24, Proposition I.8.25] ). Thus ζ j s ≡ r j i modP i yields an isomorphism between sth roots of unity.
From Lemma 6 we obtain the following generalization of the Cocks-Pinch algorithm.
, and a positive integer k. Output: A pair (r, π) such that r is a prime and π = ζ s π 0 with π 0 ∈ Q( √ −d) is a Weil q-number corresponding to a g-dimensional ordinary abelian variety A/F q with the embedding degree k with respect to r.
1. Choose a prime r such that lcm(s, k)|(r − 1) and
for all primitive roots of unity ζ s , ζ k ∈ F r .
3. If √ −d ∈ Q(ζ s ) and x, y in the previous step do not satisfy system (3), put y := −y.
, where m is a small integer. 6. Return (r, π) if q = ππ is prime and x 1 + ir = 0.
We expect that solutions of system (3) behave like random elements in F r , so we generically obtain ρ-value ρ = g log((x 1 +ir) 2 +d(y 1 +jr) 2 ) log r ≈ 2g.
If we want to generate Weil numbers without this restriction, we can modify the above method using π(x, y) = ζ s (x + y(1 + √ −d)/2).
Freeman-Satoh curves
In this section we focus on constructing genus 2 curves, whose jacobian corresponds to a given Weil number
. Since ϕ(s) = 2 or 4, we have s = 3, 4, 6, 8, 12 (the quartic CM field Q(ζ 5 ) contains no imaginary quadratic subfield). We note that a simple abelian surface which is not absolutely simple, may be not isogenous to the jacobian of any curve (see [28] ). Since abelian surfaces corresponding to Weil numbers in question have automorphisms of order s, so of order 3 or 4, first it is natural to consider genus 2 curves which have automorphisms of order 3 or 4. We will use the following families of curves
which have automorphisms of order 3 and 4 given by (x, y) → (ζ 3 x, y) and (−x, iy), respectively (for more details on genus 2 curves with additional automorphisms see [6, 16, 19, 33] ). We will need the following result due to Freeman and Satoh [10] .
Lemma 9. ([10, Propositions 4.1 and 4.2])
A curve C given by (6) or (7) is isomorphic to the curve y 2 = x 6 + cx 3 + 1 or y 2 = x 5 + cx 3 + x, respectively, where c = a/ √ b. Furthermore, Jac(C) is isogenous over some extension to E 2 , where E is an elliptic curve with the j-invariant
respectively.
We now describe a method based on [10, Algorithm 5.11] . Suppose that an abelian surface A/F q corresponding to a Weil q-number π = ζ s π 0 is isogenous to the jacobian of a genus 2 curve C given by (6) or (7). Then A is isogenous over some extension to E 2 , where E is an elliptic curve with the j-invariant given by (8) or (9), respectively. By Corollary 4, A is also isogenous to E 2 0 over F q s , where E 0 is an elliptic curve with the Weil q-number π 0 . Hence E and E 0 are isogenous, and so End(E) is an order in
In particular, if End(E) = O K 0 is the maximal order, then j(E) is a root of the Hilbert class polynomial H K 0 (x). Conversely, if j ∈ F q is a root of H K 0 (x), and there exists c ∈ F q satisfying equations (8) or (9) with j(E) = j, then we determine isomorphism classes over F q of curves y 2 = x 6 + ax 3 + b or y 2 = x 5 + ax 3 + bx with a, b ∈ F q satisfying c = a/ √ b, and verify if jacobians of these curves correspond to π. We recall that to check with high probability if the jacobian of a curve C corresponds to a Weil number π we pick a random point P ∈ Jac(C) and check if nP = 0, where n = N(π − 1). The above procedure we give below as an algorithm. The only improvement is that we admit all twists of the above curves. The following examples show that this improvement is essential.
Example 10. Let π = ζ 3 (3 + 2 √ −5) be a Weil q-number with q = ππ = 29 and n = N K/Q (1 − π) = 1029. Using Algorithm 11 below we find that π corresponds to the jacobian of the curve
which is a twist of the curve y 2 = x 6 + 5x 3 + 1. However, checking all a, b, c ∈ F 29 , we find that there are no curves y 2 = ax 6 + bx 3 + c, whose jacobian corresponds to π. 
. Output: A genus 2 curve over F q , whose jacobian corresponds to π, or ∅. (8) or (9). 3. For each solution c, let C : y 2 = x 6 + cx 3 + 1 or C :
Compute the Hilbert class polynomial H
is not hyperelliptic. 4. If c ∈ F q and all absolute invariants of C lie in F q , determine a model C 1 /F q of C and put C := C 1 . 5. Determine all twists of C over F q . 6. For each twist C choose a random point P ∈ Jac(C )(F q ) and compute nP , where
In this algorithm we need to compute the Hilbert class polynomial H K 0 (x), which requires that the discriminant d is sufficiently small (see [36] ). We also note that if a genus 2 curve C/F q has a model over F q , then all its absolute invariants lie in F q . The converse property is not always true, but it does hold if C has automorphisms other than the identity and the hyperelliptic involution. Then a model of C over F q can be computed using the generalization of the Mestre algorithm [30] due to Cardona and Quer [5] .
Remark 12. (i) In the above algorithm it usually suffices to use curves (6) or (7) if s = 3 or 4, respectively. However, it may happen for the CM field K = Q(ζ 12 ) that we need to use curves (6) to realize Weil numbers of the form iπ 0 with π 0 ∈ Q( √ −3) (see Example 19) .
(ii) For Weil numbers in the CM field Q(ζ 8 ) we can usually use curves y 2 = x 5 + ax, which have automorphisms of order 8, (x, y) → (ζ 2 8 x, ζ 8 y). Originally to construct pairingfriendly curves of this form Kawazoe and Takahashi [23] used the closed formula on their order (see [13] ). 
Parametric Families
Here we generalize Definition 1 and classification of families of elliptic curves on simple abelian varieties over F q , which are isogenous over some extension to a power of an elliptic curve defined over F q . Recall that by Corollary 4 Weil q-numbers of such abelian varieties are of the form π = ζ s π 0 , where π 0 is a Weil q-number of an elliptic curve.
be a CM field of degree 2g, where ζ s is an sth primitive root of unity and d > 0 is a square-free integer. Let r(x) ∈ Q[x] and π(x) = ζ s (f 1 (x)+f 2 (x) −f (x)), where
. We say that the pair (r(x), π(x)) parametrizes a family of g-dimensional ordinary abelian varieties with embedding degree k and discriminant d if the following conditions are satisfied:
is a power of a polynomial in Q[x] that represents primes, and gcd(f 1 (x), q(x)) = 1.
r(x)
is irreducible, non-constant, integer valued, and has positive leading coefficient.
5. The CM equation f (x) = dy 2 has infinitely many integer solutions (x, y).
We note that the ρ-values g log q(x)/ log r(x) of parametrized abelian varieties tend to the ρ-value of the family
The assumption gcd(f 1 (x), q(x)) = 1 is necessary to obtain ordinary varieties. It follows from the fact that an abelian variety with a Weil q-number π = ζ s π 0 is ordinary if and only if the corresponding elliptic curve with the Weil q-number π 0 is ordinary, which means that its trace π 0 +π 0 is relatively prime to q. In the examples below q(x) will always represent primes, then it is sufficient that f 1 = 0. As for elliptic curves to obtain parameters of an abelian variety with the endomorphism algebra K = Q(ζ s , √ −d) we find integer solutions (x 0 , y 0 ) to the CM equation f (x) = dy 2 , and check whether π(x 0 ) is a Weil number, and r(x 0 ) is prime, or almost prime. If this is the case, then N K 1 /Q(x) (π(x) − 1)(x 0 ) is the order of an abelian variety corresponding to π(x 0 ), and it is divisible by large prime factors of r(x 0 ). To generalize classification of families we will need the following fact (see also [8 The above conditions have the same interpretation as for elliptic curves, and are useful to obtain algorithms to generate families of each type, which generalize the Brezing-Weng method [4] .
Complete Families
First we generalize the Brezing-Weng method [4] to construct complete families of abelian varieties. Let K = Q(ζ s , √ −d) be a CM field of degree 2g. To construct a complete family (r(x), π(x)) with π(x) = ζ s (f 1 (x) + f 2 (x) √ −d), we need to find a number field L = Q[x]/(r(x)) where the system
has solutions, and take f 1 , f 2 ∈ Q[x] to be lifts of these solutions. Such number fields and formulas on solutions have been described in Lemma 6. Hence we have the following algorithm.
Algorithm 18. Input: A CM field K = Q(ζ s , √ −d) of degree 2g, a positive integer k, and a number field L containing ζ s , ζ k , √ −d. Output: A complete family (r(x), π(x)) of g-dimensional ordinary abelian varieties with embedding degree k, or ∅.
Find a polynomial r(x)
and
3. If √ −d ∈ Q(ζ s ) and x 1 , y 1 do not satisfy system (10), put y 1 = −y 1 .
6. Return (r(x), π(x)) if f 1 = 0, 2f 1 (x) ∈ Z for some x ∈ Z, and q(x) = f 1 (x) 2 + df 2 2 (x) represents primes.
We note that resulting families have ρ-value
In the above algorithm we can take as L the cyclotomic field L = Q(ζ s , ζ m , ζ k ) = Q(ζ l ), where m is the smallest integer such that √ −d ∈ Q(ζ m ) and l = lcm(s, m, k). We note that such m exists, because (−1) p−1 2 p ∈ Q(ζ p ) for each prime p > 2 and √ −2 ∈ Q(ζ 8 ) (see [27, Lemma 2.2] ). Now we give a few examples; more complete families with variable discriminant will be given in Section 8. 
We note that this construction is analogous to the Barreto-Naehrig family of elliptic curves with k = 12 and ρ = 1 (see [1] ). For example, we generate the following parameters of abelian surfaces and the corresponding genus 2 curves using Algorithm 11. 
Example 21. We can also give some families of 3-dimensional varieties with ρ < 6. Constructing the corresponding genus 3 curves we leave as an open problem. The only sixtic CM fields of the form K = Q(ζ s , √ −d) are the cyclotomic fields Q(ζ 7 ) and Q(ζ 9 ), which contain √ −7 and √ −3, respectively.
(ii) Let K = Q(ζ 9 ) and α = √ −3 = 2 ζ 3 9 +1.
Sparse families
In this section we generalize Algorithm 18 to construct sparse families in an analogous way as the Brezing-Weng method was generalized to construct such families of elliptic curves (see [7] ). If (r(x), π(x)) is a family of abelian varieties with
is a solution of the system
where
Hence to construct sparse families we should find polynomials r(x) ∈ Q[x] and f (x) ∈ Z[x], where r(x) is irreducible and f (x) satisfies Lemma 16, such that system (11) has solutions in the number field L = Q[x]/(r(x)), and take f 1 , f 2 to be lifts of these solutions. Such number fields are described in the following lemma, which generalizes Lemma 3.
, where a bar denotes reduction mod r(x). Then system (11) has solutions in L of the form
Proof. As in the proof of Lemma 6 we first show that solutions in the field of fractions of S = Q[x, ζ s , ζ k , √ −f ] are of the above form. Then for a prime ideal P in S over r reduction mod P S P yields the desired result by Lemma 7.
Hence we have the following algorithm; in the next section we give a simplified version to construct complete families with variable discriminant. Algorithm 23. Input: A number field L containing primitive roots of unity ζ s , ζ k . Output: A sparse family (r(x), π(x)) of ϕ(s)-dimensional ordinary abelian varieties with embedding degree k, or ∅.
with deg f 1 < deg r. 3. If f 1 = 0 and 2f 1 (x) ∈ Z for some x ∈ Z, let f (x) = a 2 x 2 + a 1 x + a 0 for integers a 0 , a 1 , a 2 ∈ [−m, m], where a 2 > 0 and m ∈ Z.
Note that the resulting families have ρ-value
We now show how to construct sparse families of ordinary abelian surfaces with k = 3, 4, 6 and ρ = 2. These families are analogous to constructions for elliptic curves with k = 3, 4, 6 and ρ = 1 due to Miyaji et al. [25] , Scott and Barreto [32] , and Galbraith et al. [15] .
Example 24. Let s = 3, 4, and K = Q(ζ s ). Let k = 3, 4, 6, and
. In order to construct a family (r(x), π(x)) with π(x) = ζ s (f 1 (x) + f 2 (x) −f (x)) and ρ = 2, we must find a polynomial f (x) ∈ Z[x] as in step 4 of Algorithm 23 such that f 2 is constant. Since f 2 is the lift of Y = (ζ −1 s − ζ s ζ k )/2 −f , we must have Y ∈ Q. We can assume Y = 1, since c 2 f and Y /c yield the same family for each c ∈ Q × . Then for fixed ζ s , ζ k ∈ L,f is uniquely determined byf = −(ζ −1 s − ζ s ζ k ) 2 /4 = ax + b for some a, b ∈ Q. So we can take f = ax + b + cr(x) for c ∈ Q, c > 0. As f 1 we take the lift of X = (ζ −1 s − ζ s ζ k )/2. If f 1 = 0, 2f 1 (x) ∈ Z for some x ∈ Z, and q(x) represents primes, we obtain the desired family. For example, we have the following families with ρ = 2:
Example 25. Let k = 8, s = 4, and L = Q(ζ 8 ). For f = 7x 2 − 10x + 7 we have f modΦ 8 (x) = −(−2ζ 3 8 + 2ζ 2 8 − ζ 8 − 1) 2 . We have the following family with ρ = 3:
Complete families with variable discriminant
In this section we modify Algorithm 23 to construct complete families with variable discriminant (r(x), π(x)), where and
√ −x). 6. Return (r(x), π(x)) if f 1 = 0, 2f 1 (x) ∈ Z for some x ∈ Z, and q(x) = f 2 1 (x) + xf 2 2 (x) represents primes.
The resulting families have ρ-value
In the examples below we take as L the cyclotomic field L = Q(ζ s , ζ k ) = Q(ζ l ), where l = lcm(s, k). A crucial step in the above algorithm is to find a primitive element z ∈ L such that √ −z ∈ L, which can be chosen in the following ways:
, so we can take z = ζ 2l = −ζ l and r(x) = Φ 2l (x). Similarly, if l/2 is odd, we can take r(x) = Φ l (x).
-If 4|l, then √ ±ζ l ∈ Q(ζ l ), but there may exist a ∈ Z such that −ζ l /a ∈ Q(ζ l ). Then we can take z = ζ l /a and r(x) = Φ l (ax).
-As in the method of Kachisa, Schaefer, Scott [22] we can vary elements z 0 = a 0 +a 1 
, which have small integer coefficients in the cyclotomic basis, and use z = −z 2 0 .
In the examples below we will also give a necessary condition on discriminant d so that q(dx 2 ) could represent primes. Example 27. (i) Let k = 27, s = 3, and L = Q(ζ 27 ). We obtain the complete family with variable discriminant d ≡ 3 (mod 8) and ρ = 2.11
For example, we can generate the following parameters: 
(ii) Similarly, for k = 54, s = 3, and L = Q(ζ 54 ), we obtain the complete family with variable discriminant d ≡ 3 (mod 8) and ρ = 2.11
We have the following family with discriminant d ≡ 3 (mod 8) and ρ = 3.5: r(x) = x 4 + 4x 3 + 8x 2 − 8x + 4, 9 Appendix: Complete families ((r(x), π(x)) with variable discriminant and best ρ-values such that deg r(x) < 25.
π(x) = 
